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Summary 
Referring to the separation axioms of Van Est and Freudenthal [W. T. VAN EST 
and H. FREUDENTHAL, Trenning durch Stetigkeit Funktionen in topologischen 
Raumen, Indagationes Math. 15, 369-368 (1961)] the following are included in the 
results. A set is C-embedded in every space satisfying prs Q that it is embedded in 
iff it is closed in every space satisfying prs Q that it is embedded in. A pseudocompact 
set X is C-embedded in a pZ8 A space Y which it is embedded in iff X with its weak 
topology is C-embedded in Y with its weak topology. Consequently a space X is 
C-embedded in every fi8 A spsce that it is embedded in iff given two disjoint zero 
sets in X at least one is closed in every pZ8 p space that it is embedded in and further- 
more a closed pseudocompact space with pseudocompsct zero sets is C-embedded 
in a pre A space Y if Y with its weak topology satisfies A, B. A C-embedded subset 
is closed in a space X if X satisfies pr8 A and every point is a Cr,. A C*-embedded 
subset is closed in a space X if X is sequential Ti and hereditarily weakly normal 
and completely regular. 
1. Introduction 
In 1951 VAN EST and FREUDENTHAL [5] made a systematization of 
separation axioms which included separation of points and closed sets by 
continuous functions. We will say that two sets A and B are functionally 
separated if there exists a continuous function to the real line such that 
f(A) n f(B) = 0. S ome axioms for a space X based on this concept are 
as follows. In parentheses we are giving names for these axioms used in 
this paper. 
pz8 q, (functional1 y Hausdorff): Given two distinct points p, q E X they 
are functionally separated. 
pT, A, (functionally regular) : Given p E X, a closed set A C X, p 4 A, 
p and A are functionally separated. 
A,, B, (functionally normal): Given two disjoint closed sets A and B, 
A, B C X, A and B are functionally separated. 
To these axioms of Van Est and Freudenthal we add completely func- 
tionally normal : If A, B are separated sets, A, B C X, A and B are 
functionally separated. 
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In [5], VAN EST and FREUDENTRAL established the independence of 
these axioms from each other and the usual separation axioms even in 
first countable spaces and showed that T4 spaces are functionally T4, 
completely regular TI spaces are functionally Ts, functionally T3 spaces 
are functionally Hausdorff and functionally Hausdorff spaces satisfy the 
Urysohn separation axiom. In [l] the author proved certain relationships 
between these axioms and other separation axioms assuming certain 
compactness conditions. In this paper we investigate the C- and C*- 
embedding properties of sets in spaces satisfying the various axioms along 
with the following properties. 
2: If F is a closed set and Z is a zero set disjoint from F, F and Z are 
completely separated. 
Z*: Every closed set is a generalized u-zero set (i.e., for F closed, G open, 
F C G there is a countable family of zero sets 21, 22, . . ., &, . . . such that 
F C v 2, C G. 
Property 2 was studied by ZENOR [I 71 and MACK [ 111. The combi- 
nation 2 and Z* is equivalent to normality. Countably paracompact Z* 
spaces are normal and the Tychonoff plank satisfies Z*. 
2. Notation 
In general the terminology is that of GILLMAN and JERISON [7], but 
the notation for topological spaces is from KELLEY [lo]. However, (X,w) 
will be used to represent the weak topology for (X, 9). Also, a space 
(X, Y) will be said to be almost P if given two disjoint zero sets in X, 
at least one has property P. 
3. Embedding in functional Hausdorfi spaces 
In recent years functionally Hausdorff spaces have played an in- 
creasingly important role. For instance BANASCHEWSKI [2] and more 
recently STEPHENSON [14] have studied them in connection with the 
Stone-Weierstrass Theorem. They have also been studied in connection 
with minimal properties. See for instance BERRI, PORTER, and STEPHENSON 
[3], PORTER and THOMAS [12] and STEPHENSON [13]. Of interest to us 
are spaces that are closed in every functionally Hausdorff space that 
they are embedded in which we will refer to as F. H. closed. Many proper- 
ties of such spaces are listed in the following theorem from [3] summarizing 
work of BANASCHEWSKI and STEPHENSON. To these we add one equivalence 
condition of D’ARISTOTLE [4]. 
THEOREM A. Let (X, Y) be a functionally Hausdorff space. The 
following are equivalent : 
(a) Every completely regular filter base in (X, Y) is fixed. 
(b) (X, 9) is F. H. closed. 
(c) Every co-completely regular cover of (X, Y) has a finite subcover. 
(d) (X,w) is compact where (X,YY) is the weak topology for (X, Y). 
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(e) (X, f) has the Stone-Weierstrass property. 
(f) If (X, 4V) is a completely regular topology on X such that % C .9-, 
then (X, ‘4V) is compact. 
(g) There is a unique completely regular topology (X, %) on X such 
that @CF. 
(h) For every functionally HausdorfF space (Y, %) and continuous map- 
ping f of (X, 9) ido (Y, W, f(x) is a functionally HausdorlI-closed 
space. 
(i) (D’Aristotle) Every cover of (X, r) by cozero sets has a finite sub- 
cover. 
We note that in (i) we may replace subcover by proximate subcover. 
To these we wish to add the following equivalences. 
(j) Every embedding of (X, r’) in a functionally Hausdorff space is a 
C-embedding. 
(k) Every embedding of (X, r) in a functionally Hausdorff space is a 
C*-embedding. 
THEOREM 1. (D’ARISTOTLE [a]) An F. H. closed set is C*- and C- 
embeddable in any functionally Hausdorff space it is embedded in. 
This theorem is also an easy consequence of theorem A [(d) ++ (b)]. 
We now prove the converse. 
THEOREM 2. Let (X, r) be a functionally HausdorfI space. The 
following are equivalent. 
(a) (X, f) is F. H. closed. 
(b) Every embedding of (X, y) in a functionally Hausdorff space is a 
C*-embedding. 
(c) Every embedding of (X, y) in a functionally Hausdorff space is a 
C-embedding. 
PROOF. Suppose (X, y) is not F. H. closed. If (X, r) is C- or C*- 
embedded in every functionally HausdorlI space that it is embedded in, 
then (X, w) must be almost compact since HEWITT [B] has shown that 
spaces that are C or C* in every completely regular space they are em- 
bedded in are the almost compact spaces. Such spaces are locally compact 
[S] and since (X, w) is not compaot, there is a strictly weaker topology 
on X, say (X, ‘34) which is compact Hausdorff. Just consider the one point 
compactification of (NM, WM) where M = X N [z] for some 2 e X. We can 
then set X=pY N Y [7, p. 1381. Since (X, 6%‘) is compact, X is embedded 
as a closed and C-embedded set of 2 =pY. Introduce a new topology on 
2 by forming a subbase consisting of the closed sets in BY and the closed 
sets of (X, y) where again X = Z N Y. With this new topology Y has 
the same topology, is still dense and C*-embedded in 2. Suppose (X, y) 
is C*-embedded in 2. If f is a bounded continuous function on X to the 
reals, the extension off to 2 restricted to Y has a unique extension in X, 
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so that (X, W) = (X, 42) contradicting that (X, W) and (X, ‘$2’) are distinct 
completely regular topologies. Hence (X, W) is compact and (X, r) is 
F. H. closed. 
4. Embeddings in functionally regular apace 
For our subsequent work the following theorem will be very useful. 
THEOREM 3. Let a pseudo-compact space (X, 9-) be embedded in a 
functionally regular space (Y, %). Then the weak topology for (X, r) 
is (X, Wx) where ( Y, W) is the weak topology for ( Y, %). 
PROOF. Let 2 be a zero set in (X, r) and suppose x r$ Z in (Y, 42). 
By a theorem of ISIWATA [9] if a continuous function f is positive valued 
on a zero set 2 of a pseudocompact space then {inf f(x) : x E Z} > 0. If 
x 6 z, there exists a continuous function f such that f(z) n f(g) = 8. Set 
f(x) =a; then the function If -al > 0 on z and by Isiwata’s theorem 2 
and in fact z will be complete separated from 2. So z is the intersection 
of zero sets in ( Y, 4%) and is hence closed in ( Y, W). Then 2 is closed in 
(X, Wx) so that the zero sets in (X, y) form a base for the closed sets 
in (X,+f-x). 
COROLLARY 3. Let (X, y) be pseudocompact and embedded in (Y, 42). 
Then (X, r) is C-embedded in (Y, %) iff (X, V) the weak topology for 
(X, r) is C-embedded in ( Y, W) the weak topology for ( Y, 92). 
THEOREM 4. The following relations hold for a functionally regular 
space (X, y): (a) + (b) -+ (c) -+ (d). 
(a) (X, y) is almost F. H. closed. 
(b) (X,W) is almost compact. 
(c) Every embedding of (X, .7) in a functional regular space is a C- 
embedding. 
(d) Every embedding of (X, 5) in a functional regular space is a C*- 
embedding. 
PROOF. From theorem A, (a) + (b) so that (X, 9) is pseudocompact. 
HEWITT [8] has shown that the almost compact completely regular spaces 
are precisely the spaces that are C- and C*-embedded in every completely 
regular space they are embedded in so that (a) --+ (b) -+ (c) + (d) by 
corollary 3. 
THEOREM 5. Let (X, .7) be functionally regular and let (X,W) be 
functionally normal. If M is a closed pseudocompact subspace of (X, 9-) 
with pseudocompact zero sets * then M is C-embedded in (X, y). 
* W. W. Comfort has pointed out that this condition can be replaced by 
having at lee& one of two disjoint zero sets of M be pseudocompaat. 
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PROOF. Let A and B be disjoint zero sets in (N, 7yr~). There exists 
a continuous function f to the real line such that f(A) n f(B) = 0. By the 
pseudocompactness of A and B, f(A) and f(B) are closed so that A and 
B are completely separated in (X,w). So (M,~M) is C-embedded in. 
(X, %‘). By Corollary 3, (M, FM) is C-embedded in (X, r). 
COROLLARY 5. Let (X, r) be functionally regular with (X, w) func- 
tionally normal and let M be countably compact and closed in (X, r) 
Then M is C-embedded in (X, 5). 
Similarly we prove the following theorem. 
THEOREM 6. Let (X, 9) be functionally regular with (X, ?V) com- 
pletely functionally normal. If M is a pseudocompact subset of (X, 9) 
with pseudocompact zero sets, then M is C-embedded in (X, y). 
COROLLARY 6. Let (X, 9) be functionally regular with (X, @‘“) com- 
pletely functionally normal. If M is a countably compact subset of (X, r) 
then M is C-embedded in (X, r). 
THEOREM 7. Let (X, y) be functionally regular with (X, #‘) satis- 
fying 2”. Then if M is a closed pseudocompact subset, M is C-embedded. 
PROOF. If Z is a zero set and F is a set satisfying the condition of 
Isiwata (see proof of theorem 3), then Z and F are completely separated. 
So if A and B are disjoint zero sets in M there exists a countable family 
(2,) of zero sets such that A C v 2, and B n Z,=O for each n. Since 
for any positive continuous function f on B to the real line inf {f(b): 
b E B}> 0 there exists a zero set H, 3 B such that H, n 2, =!A The zero 
set n H, is disjoint from A and by another application of the Isiwata 
property A and B are completely separated. 
COROLLARY 7. A closed pseudocompact subset of a Z* space is C- 
embedded. 
We conclude this section with a discussion of various sets which are 
F. H. closed. Clearly H-closed and Urysohn closed functionally Hausdorff 
spaces are F. H. closed ; furthermore regular closed functionally Hausdorff 
spaces are F. H. closed [3]. A functionally regular F. H. closed set is clearly 
closed in every functionally regular space ; conversely we prove: 
THEOREM 8. Let (X, fl) be closed in every functionally regular space; 
then (X, f) is F. H. closed. 
PROOF. If (X, y) is not F. H. closed, then (X, y) has a functionally 
Hausdorff extension in which (X, r) is dense and C*-embedded. See 
STEPHENSON [13]. Pick a subspace ( Y, ‘$2) of this extension consisting 
of X and one of the added points, say y. Let (Y, V) be the topology 
generated by the open subsets of X and the weak topology of (Y, 42). 
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We will show that (Y, V) is functionally regular and since it is weaker 
than (Y, @) this will contradict the assumption that X is not F. H. closed. 
Any open set in (Y, V) can be expressed as the union of an open set in 
X and open set in the weak topology of ( Y, 92). Let A be closed and 
z#A.ThenA=BnCwhere N B is open in (X, y) and C is the comple- 
ment of an open set in the weak topology for Y. We show that z is func- 
tionally separated from A. If z 4 C, which is the case when .z = y, x and 
C are completely separated. If z E C, z 4 B and y E B and there exists 
a continuous function f on X which can be extended to Y such that 
f(B N [y]) n f(z) =B. It is no restriction to let f(z) = 0. There exists a 
continuous function g such that g(z) = 0 and g(y) = 1. The function h = IfI + (g( 
separates z from B and hence z from A and (Y, V) is functionally regular. 
5. Embedding of Lindeliif subsets ** 
THEOREM 9. In a functionally Hausdorff space satisfying 2, closed 
Lindeliif subsets are C*- and C-embedded. 
PROOF. Let A and B be disjoint closed Lindelof subsets of a func- 
tionally Hausdorff space (X, r). For z E A and y E B there exists a 
cozero set VTal containing y and not x. The cover (I’,} has a countable 
subcover Vi, I’s, . . ., ‘cTm, . . . and u I’% is a cozero set not containing 2. 
Applying property 2, x and B are completely separated and are thus 
contained in disjoint cozero sets. One may then obtain a cozero set con- 
taining A and not B by the above procedure. By again applying property 
2 one obtains disjoint zero sets containing A and B respectively. 
Thus Lindeliif subsets are C*-embedded and again applying property 
2 one obtains the C-embedding of these subsets also. 
Using similar methods one can obtain the following result. 
THEOREM 10. In a completely regular space satisfying property 2, 
almost Lindelijf closed subsets are C-embedded. 
We note that completely regular may be replaced by functionally 
regular in the above theorem as functionally regular spaces satisfying 
property 2 are completely regular. 
6. Conditions for C- and C*-embedded sets to be closed 
Based on properties of sequences it is shown in [7] that C*-embedded 
subsets of the real line are closed. We extend their methods to obtain 
the next theorem. 
THEOREM 11. In a sequential space (X, S) [S], satisfying either (a) 
or (b), C*-embedded subsets are closed. 
** This section is related to some results of R. BLAIR and A. HAQER on 
z-embedding. 
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(a) (X, ,Y) is hereditarily weakly normal and completely regular TI. 
(b) (X, Y) is functionally Hausdorff and hereditarily weakly 2 where 
weakly 2 means that countable closed sets are completely separated 
from zero sets. 
PROOF. (a) or (b) implies that countable closed discrete sets of each 
subspace are P-embedded in that subspace. For the (a) case the result 
is from [7] and the (b) case has a proof similar to the proof of theorem 10. 
Suppose M is a C*-embedded subset of (X, Y) that is not closed and hence 
not sequentially closed. There exists a sequence of points {xn} E AZ con- 
verging to x such that x $ M. Set P= u [xn]. The set P(P u [x]) is C*- 
embedded in M(X). But P is not C*-embedded in P u [x] so that P is 
not C*-embedded in X contrary to M being C*-embedded in X. 
THEOREM 12. An Fa (Lindelof) C-embedded subset of a functionally 
regular (functionally Hausdorlf) space is closed. 
PROOF. Let M = U P, where each F, is closed. If x F# M there is then 
a zero set Z,, x E &, such that 2, n P, = 8; set Z= n 2,. We note 
then that in functionallyregular spaces if M is an F,,-set and x $ M then 
x and M are functionally separated. Since M is C-embedded there is 
then a zero set containing M and not x. So M is closed. If L is a Linde- 
liif subset of a functionally Hausdorff space and x $ L, there is, from 
the proof of theorem 10, a zero set containing x and not L so again it 
follows that L is closed. 
THEOREM 13. In a functionally regular space such that every point 
IS a 6, C-embedded sets are closed. 
Virginiu Polytechnic Institute and 
State Universaty, 
Bladcabwg, Virginia 24061 
REFERENCES 
1. AULL, C. E., Notes on separation by continuous functions, Indag. Math. 31, 
468-461 (1969) = Proc. Kon. Ned. Akad. Weten., A, 72, 468461 
(1909). 
2. BANASCHEWSKI, B., On the Weierstrass-Stone approximation theorem, Fund. 
Math. 44, 249-262 (1967). 
3. BERRI, M. P., J. R. PORTER and R. M. STEPJTENSON, A survey of minimal 
topological spaces, Proceedings of 1968 Kanpur Topological Con- 
ference, Kanpur, India, Academic Press (1971), New York. 
4. D’ARISTOTIZ, Quasicompactness and functionally Hausdorff spaces, J. Austra- 
lian Math. Sot. 15, 319-325 (1973). 
5. EST, W. T. VAN and H. FREUDENTHAL, Trennung durch stetige Funktionen 
in topologischen R&men, Indagationes Math. 15, 359-368 (1961). 
6. FRANKLIN, S. P., Spaces in which sequences s&&e, Fund. Math. 57, 107-116 
(1965). 
33 
7. GILLM~, L. and M. JERISON, Rings of Continuous Functions, Van Nostrand 
(1966). 
8. HEWIYC, E., Certain generalizations of the W&r&ass approximation theorem, 
Duke Math. J. 14, 419427 (1947). 
9. ISIWATA, T., Mappings and spaces, Pacific J. of Math., 20, 465-480 (1967). 
10. KELLEY, J. L., General Topology, Van Nostrand (1956). 
11. MUCK, J., Countable paracompactness and weak normality properties, Trans. 
Amer. Math. Sot. 148, 266-272 (1970). 
12. PORTER, J. and J. THOMAS, On H-closed and minimal HausdorfI spaces, Trans. 
Amer. Math. Sot. 138, 159-170 (1969). 
13. STEPHENSON, R. M. Jr., P-minimal and P-closed spaces, Ph.D. dissertation, 
Tulane University, 1967. 
14. , Spaces for which the Stone-Weieratrass theorem holds. Trans. Amer. 
Math. Sot. 133, 637-546 (1968). 
16. WILANSKY, A., Topology for Analysis, Ginn (1970). 
16. WINI, J. D., Paracompactiflcations, Ph. D. Thesis Virginia Polytechnic In- 
stitute and State University (1970), 
17. ZENOR, P., A note on Z-mappings and WZ-mappings, Proc. Amer. Math. Sot. 
23, 273-276 (1969). 
3 Indagationes 
